In this paper, we investigate the growth and the complex oscillation theory of the linear differential equation
Introduction and statement of results:
Throughout this paper, we assume that the reader is familiar with the fundamental results and the standard notations of the Nevanlinna value distribution theory (see [6] ). In addition, we will use respectively the notations λ (f ) and λ (f ) to denote the exponent of convergence of the zero-sequence and the sequence of distinct zeros of f , ρ (f ) to denote the order of growth of f .
For k ≥ 2 we consider the linear differential equation
where A 0 , A 1 , ..., A k−1 , F / ≡ 0 are transcendental entire functions of finite order. It is well-known that all solutions of equation (1.1) are entire functions and if at least one coefficient A s (z) is transcendental, then at least some of the solutions are of infinite order. On the other hand, there exist equations of this form that possess one or more solutions of finite order. For example f (z) = e z satisfies f − e z f − e −z f + e z f = e z − 1. For some general and related results of n-th order non-homogeneous linear differential equations with entire coefficients, we refer the reader to [1] , [5] .
Recently the complex oscillation theory of the complex differential equations has been investigated actively. In [3] , Chen and Gao have investigated the complex oscillation of (1.1) and have obtained the following results: 
Suppose that for any given ε > 0, there exist two finite collections of real numbers {ϕ m } and {θ m } which satisfy
Then all solutions of (1.1) satisfy
with some possible finite order solutions. All of the possible finite order solutions have the same order of growth 
. Suppose that for any given ε > 0, there exist two finite collections of real numbers {ϕ m } and {θ m } which satisfy
and
Then every transcendental solution f of (1.1) is of infinite order. 
Theorem 1.2 Suppose that
with some possible finite order solutions. All of the possible finite order solutions have the same order of growth ρ (0 ≤ ρ < ∞) . If there exist two finite order solutions
Preliminary Lemmas : Lemma 2.1 ([3]) . Suppose that
be the corresponding homogeneous differential equation of (1.1) . Then both (1.1) and (2.1) must have infinite order solutions.
2)
and for z ∈ C, we have |f 
Lemma 2.3 ([3]) . Let
A 0 , A 1 , ..., A k−1 , F / ≡ 0 be finite order entire functions. If f is a solution of (1.1) with ρ (f ) = ∞, then λ (f ) = λ (f ) = ρ (f ) = ∞.f (k) (z) f (j) (z) ≤ |z| (k−j)(ρ−1+ε) . (2.3)
Lemma 2.5 ([7]
) . Let f (z) be an entire function and suppose that f (k) (z) is unbounded on some ray arg z = θ. Then there exists an infinite sequence of points z n = r n e i θ (n = 1, 2, ...) , where r n → +∞, such that f (k) (z n ) → ∞ and 
Let ε > 0 be a given small constant, and
holds for all z in S (ε) with |z| ≥ r 0 > 0.
Proof. Suppose that f is a solution of (2.1) with ρ(f ) < +∞. Set ρ = ρ(f ). Then by Lemma 2.4, there exists a set E ⊂ [0, 2π) that has linear measure zero, such that if ψ 0 ∈ [0, 2π) − E, then there is a constant R 0 = R 0 (ψ 0 ) > 1 such that for all k > s ≥ 0, and all j = s + 1, ..., k,
as |z| ≥ R 0 along arg z = ψ 0 . Now suppose that f (s) (z) is unbounded on some ray arg z = φ 0 where φ 0 ∈ [θ 1 , θ 2 ] − E. Then by Lemma 2.5, there exists an infinite sequence of points z n = r n e i φ 0 , where r n → +∞ such that f (s) (z n ) → ∞ and
as z n → ∞. By (2.1) and (2.6) − (2.8) , we have 
for all z ∈ S (ε) . By s-fold iterated integration along the line segment [0, z], we obtain
Therefore, by an elementary triangle inequality and (2.10) , we obtain from (2.11) for an arbitrary point z in S (ε) with |z| ≥ r 0 > 0 
Lemma 2.7 Suppose that
with |z| ≥ r 0 > 0.
Proof. For f 0 , set ρ (f 0 ) = ρ < +∞. Noticing (2.13) and f
for a sufficiently large |z n |. Using the same reasoning as in Lemma 2.6, we obtain from (1.1) and (2.6) − (2.8) , (2.14) 
Proof. By Lemma 2.7, we conclude that f (s) (z) is bounded, say
in the whole sector S (ε) . We now proceed to show that f 
as |z| = r ≥ r 0 in S (2ε) . This proves our assertion for m = s. For m > s we may now restrict ourselves to the sector S (3ε). We assume that r ≥ r 1 is large enough to satisfy that for an arbitrary z = re i θ ∈ S (3ε) , the disk Γ (z) of radius at most R = max s<m≤k ((m − s)!) 1 m−s , centered at z, is contained in S (2ε), i.e. we must take r 1 ≥ and N r,
Applying the lemma of the logarithmic derivative 
